Abstract. In the paper of Lukman, Mankoč Borštnik, Nielsen (NJP 13 (2011) 103027) one step towards the realistic Kaluza-Klein[like] theories was made by presenting the case of a spinor in d = (1 + 5) compactified on an (formally) infinite disc with the zweibein which makes a disc curved on an almost S 2 and with the spin connection field which allows on such a sphere only one massless spinor state of a particular charge, coupling the spinor chirally to the corresponding Kaluza-Klein gauge field. The solutions for the massless spinor state were found for a range of spin connection fields, as well as the massive ones for a particular choice of the spin connection field. In this paper we present the massless and massive spinor states for the whole range of parameters of the spin connection field which allow only one massless solution.
Introduction
This paper is the continuation of the paper entitled "An effective two dimensionality" cases bring a new hope to the Kaluza-Klein[like] theories [1] , in which the authors (the third one is H.B. Nielsen) proved on a toy model that when the space breaks from M 1+(d−1) to M 1+3 × a non compact space there can exist in M 1+3 a massless solution for a spinor, chirally coupled to the corresponding Kaluza-Klein field, if the spin connection field and the vielbein on a non compact space are properly chosen ‡ §. Although we did just assume the two fields used (not showed how they are generated, say, due to the presence of some spinor fields in interaction with some vielbeins and spin connections not mentioned in the paper) yet we succeeded to find the analytical solutions for a massless spinor for the whole allowed interval of the parameter of the (chosen) spin connection field and the spectrum for massive solutions for a particular choice of the parameter.
In this paper we present the masses and states for spinors living on M 1+3 × an almost S 2 sphere on which the parameter of the chosen spin connection field is allowed to change in the interval, which assures normalisable solutions. We prove that the presented solutions are the only normalisable ones and that they form a complete basis.
The reader, who is not willing to follow the introduction into the equations of motion for the two unknown functions A n and B n+1 , which determine the spinor states on an almost S 2 sphere with a particular spin connection on it, can jump directly to the coupled equations of motion (14, 16) of the first order and further to the two differential equations of motion of the second order for the unknown functions A n (22) and B n+1 (23), the solutions of which are interesting by themselves. (She or he might like to see which physical problem initiated the equations, at the end, if at all.) First of the two equations (22) namely simplifies, when putting the parameter (ε) of the spin connection ‡ T. Kaluza and O. Klein [2] proposed that there is only the gravitational interaction and that gravity in (1 + 4) dimensions manifests after the break of symmetries from M 1+4 to M 1+3 × a circle as the ordinary gravity and the electromagnetic interaction. This very elegant idea was later intensively studied by many authors [3, 4, 5, 6, 7, 8, 9, 10, 11, 12] and extended to all the known interactions, in order to prove that such a theory with the gravitational fields only -that is with vielbeins and spin connections -can manifest in the low energy region the so far observed particles and interactions. After E. Witten [13] in his "no-go theorem" explained that the break of symmetries from M
1+(d−1)
to M 1+3 × a compact space causes that massless particles gain the mass of the scale of the break and can't therefore lead to the observed properties of particles and fields, the idea in its the most elegant version was almost abandoned. One of us has been trying for long to develop the spin-charge-family theory (N.S.M.B.) [14, 15] , which would manifest in d = (1 + 3) effectively as the standard model explaining its assumptions: charges, families, gauge fields and scalar fields. In this theory spinors carry in d ≥ 4 nothing but two kinds of the spin (no charges) and interact with vielbeins and the two kinds of the spin connection fields. The spin-charge-family theory does accordingly share with the Kaluza-Klein[like] theories the problem of masslessness of the fermions before the electroweak break. The paper [1] as well as some of the papers cited there, is an attempt to prove that the Kaluza-Klein[like] theories might be the right way beyond the standard model in non compact spaces. § The authors Mankoč and Nielsen [16] achieved masslessness of spinors on an infinite disc with appropriate boundary conditions. 3 field equal to 0, to the equation for the Legendre polynomials, while solutions for the second equation (23) are expressible, when using the solutions of the first one (22) and one of the two coupled first order differential equations of motion (14) , in quite an elegant way. For a general choice of the parameter (ε) from the allowed interval, determining the spin connection field, the solutions are expressible with the finite sum of the associate Legendre polynomials.
We shall here briefly repeat the part from the paper [1] needed to come to (14) . Let us start with the action for massless (Weyl) spinors [1] living on the manifold
Here f α a are the vielbeins (the gauge fields of the infinitesimal generators of translation) and ω abα the spin connections (the gauge fields of
The notation {A, B} ∓ means {AB ∓ BA}. Correspondingly the Lagrange density for a spinor reads
Space M 1+5 has after the break the symmetry of M 1+3 × an infinite disc with the zweibein on the disc
where
We use indices s, t = (5, 6), to describe the flat index in the space of an infinite plane, and σ, τ = (5), (6) , to describe the Einstein index. With φ we denote the angle of rotations around the axis perpendicular to the disc. The angle ϑ is the ordinary azimuth angle on a sphere. The last relation follows from ds
. Here ρ 0 is the radius of an almost S 2 sphere. The volume of this non compact sphere is finite, equal to V = π (2ρ 0 )
2 . The symmetry of S 2 is a symmetry of U (1) group. There is also a spin connection field on a disc, chosen to be (6) . (5) It compensates in the particular case when 2F = 1 the term
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{p σ , f σ s } − for spinors of one of the handedness (14) and determines the spectrum of a massless and massive states to be (mρ 0 ) 2 = l(l + 1), with l = {0, 1, 2, · · ·}. We require normalizability (needed like in any of this kind of problems to lead to operative solutions) of states ψ on the disc
We assume to have no gravity in d = (1 + 3) (f 
.).
It is proven in [1] that there are chiral fermions on this almost sphere with the spin connection field on it without including any extra fundamental gauge fields: A massless spinor of only one handedness, and correspondingly mass protected, which couples to the corresponding Kaluza-Klein fields.
The equations of motion for spinors (the Weyl equations), which follow from the Lagrange density (2) when assuming that there is no gravity in d = (1 + 3), are then
{p σ , Ef } − )}ψ = 0, with
with f from (4) and with ω stσ from (5). Let us add that the vielbein curling the disc into an almost S 2 does not break the rotational symmetry on the disc, it breaks the translation symmetry after making a choice of the northern and southern pole.
The solution of the equations of motion (7) for a spinor in (1 + 5)-dimensional space, which breaks into M (1+3) and a non compact S 2 , is a superposition of all four (= 2 6/2−1 ) states of a single Weyl representation. (We kindly ask the reader to see the technical details about how to write a Weyl representation in terms of the Clifford algebra objects after making a choice of the Cartan subalgebra, for which we take S 03 , S
12
and S 56 , in [1, 15] .) In our technique one spinor representation-the four states, which all are the eigen states of the chosen Cartan subalgebra with the eigen values 
where ψ 0 is a vacuum state for the spinor state. The most general wave function ψ (6) obeying (7) in d = (1 + 5) can now be written as
A and B depend on x σ and ψ
(+) and ψ
(−) determine the spin and the coordinate dependent parts of the wave function ψ (6) 
If one uses ψ (6) of (9) in (7), separates dynamics in (1 + 3) and on S 2 , expresses x (5) and x (6) from (4) and takes the zweibein from (3, 4) and the spin connection from (5), the equation (7) transforms as follows
ψ (6) can be chosen to be the eigen function of the total angular momentum
with the property
Here N n is the normalization constant. Taking into account that S [−], and introducing the coordinate x from (4) instead of ρ, we end up with the equations of motion for A n and B n+1 as follows
The interval of the coordinate x, (−1 ≤ x ≤ 1), corresponds to the interval of the coordinate ρ, (0 ≤ ρ ≤ ∞). The spinor part (
56
[−]) and the angular part e inφ , both manifest orthogonality.
For any F within the interval 0 < 2F ≤ 1 only one normalisable massless spinor state on S 2 exists [1] . In the particular case that 2F = 1 the spin connection term −S 56 ω 56σ compensates the term in (14) is multiplied by 1 in the first equation and by 0 in the second equation.
While the massless solution was found in [1] for the whole interval of the parameter F , (0 ≤ (1 − 2F ) < 1), the massive spectrum was presented only for the particular case 2F = 1.
In this paper we find the spectrum for the whole interval of F , (0 ≤ (1 − 2F ) < 1).
Solutions of the equations of motion for spinors
We look in this section for the spectrum of the equation of motion (14) for an arbitrary choice of the parameter F within the interval 0 < 2F ≤ 1. We allow only normalisable solutions (9, 12) . Taking into account that Eρdρ = dx it follows for the normalizability requirement
Let us, for simplicity, introduce a new parameter 2F = 1 − 2ε and rewrite (14) with this new parameter ε
One easily finds the massless (m ρ 0 = 0) normalisable solutions [1] for A n for any 0 ≤ ε < 1 2
The corresponding massless solution for B n
is not normalisable. The normalisation condition namely requires [1] for
For (0 ≤ ε < ) one immediately sees that this is for an integer n possible only for n = 0, A n = A 0 (17) and B n = 0 (18) . Equation (19) tells us that the strength F (= (
− ε)) of the spin connection field ω 56σ makes a choice between the two massless solutions A 0 and B 0 .
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To look for massive solutions of (16) we express the eigen states in terms of the associate Legendre polynomials P l n , which solve the equation
One can prove that the Legendre polynomials form a normalisable
and complete set [17, 18, 1] in the interval −1 ≤ x ≤ 1 only for an integer l (P λ ν is not square integrable for λ not an integer l) and an integer n (P λ ν is not square integrable for ν not an integer n). Due to the orthogonality of the spinor and angular parts by themselves in (12) we need only the orthogonality relation of the first line in (21).
Let us transform (16) , which are the two coupled first order equations, into the two second order equations for A n and B n+1
We immediately see that for ε = 0 the normalisable solutions of (22) are the associate Legendre polynomials A l n = P l n of (20) and that the mass spectrum must be discrete, (mρ 0 ) 2 = l(l + 1), (l = {0, 1, 2, · · ·}), in order that the solutions fulfil the normalisability condition of (15) . The solutions B l n of (23) follow from the second equation of (16) once A l n are known. To find the normalisable solutions of (22, 23) for any ε in the interval 0 ≤ ε < 1 2 one could expand solutions in terms of
The recurrence relations for the coefficients α l n and β l n , which follow when using these two expansion in (22, 23) and taking into account (20), are presented in Appendix C (equations (C.2, C.4)). It is, however, very difficult to see when using these two expansions in terms of the Legendre polynomials for which values of the mass term mρ 0 are solutions normalisable.
It is much more convenient to find a normalisable and useful ansatz by evaluating the behaviour of solutions of (22, 23) at x → 1 and at x → −1. This is done in subsect. 2.1. We find for A n and 0 ≤ ε < 1 2
For B n+1 and 0 ≤ ε < 1 2 we find
We shall make use of (24) and use the second equation of (16) to find the solutions for B n+1 . Using this ansatz in (22), and taking into account that the first line in (22) is for each l equal to (−l(l + 1) + (mρ 0 )
2 ), the recursion relation for the coefficients a l n follows
Let us have a look at how does this recursive relation manifest at l → ∞ for a fixed n and a fixed (mρ 0 ) 2 . One finds
This means that coefficients a , and
this means that for the normalisable solution (24) only a finite sum over Legendre polynomials is allowed. This further means that there must be l 0 , l 0 ≥ n, which closes the sum. Let us accordingly require for each l ≥ l 0 that
It follows from (26)
which only can be fulfilled for
Equation (31) determines the mass spectrum of spinors on the infinite disc curved into an almost S 2 and with the spin connection from (5). The recursion relation in (26) determines the solution A l 0 n for a particular l 0
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The corresponding B n+1 can be found if using the second of equations in (16) and the relations among Legendre polynomials, presented in Appendix B as
Solutions Equation (12) can now be written as
with A l 0 n from (32, 26) and B l 0 n+1 from (33). Since the associate Legendre polynomials form a complete normalisable set, as we pointed out when discussing the properties of solutions of (20, 21), the solutions presented in (34) form the only normalisable solutions of (16, 22) .
For a special case of ε = 0 we reproduce the spectrum presented in the ref. 
For l 0 = 0 the (only) massless solution ψ In this section we study behaviour of solutions of (22, 23) in the vicinity of the two ends of the interval −1 ≤ x ≤ 1. We find a normalisable ansatz for solutions of (16) by evaluating the contributions of dx|A n | 2 and dx |B n | 2 in the vicinity of both ends of the interval.
Let us start with x → 1 and let us expand A n as
The coefficient in the expansion in (1 − x) was found by checking the validity of (22) and (23) when (1 − x) → 0. One easily checks that the contribution of these ansatzes from the very vicinity of x = 1, for any small η, is finite
Similarly we proceed at x → −1 with ansatzes, the coefficients of which were found by using these ansatzes in (22, 23),
The contribution of the integrals below in the vicinity of x = −1 are finite only for 0 ≤ ε <
Accordingly the ansatz of (32) follows
Discussions and conclusions
We present in this paper the spectrum of a spinor living on a manifold M 1+5 , which breaks to M 1+3 × an infinite disc with the zweibein (3) which curls the infinite disc into an almost S 2 and with the spin connection field on a disc (5) which in the whole interval of the parameter ε (16) allows only one massless spinor state. Accordingly there exists in M 1+3 after the break a massless solution for a spinor which is chirally coupled to the corresponding Kaluza-Klein field.
We find the whole mass spectrum (31) of solutions and the corresponding normalisable (15) spinor states (34, 32, 33), which form a complete set of states.
The coupled first order differential equations of motion (16) for the two functions A n and B n+1 , which determine solutions (9, 34), lead to two second order differential equations (22, 23), one of which is for a particular choice of the parameter ε, ε = 0, just the differential equation for Legendre polynomials.
Both differential equations can easily be solved for the whole interval of the parameter ε, 0 ≤ ε < 1 2 , due to the relations of the first order differential equations (33), once we find the coefficients a l n from the recursion relation (26) and use them in the . The mass is independent of the choice of n and therefore equal to m ρ 0 = 2(3 − 2ε). One finds Let us conclude the paper by repeating briefly what we have succeeded to do. We prove that the normalisable solutions of equations of motion (7) can be found for an interval 0 ≤ ε < 1 2 of the parameter ε = 1 2 −F , if a spinor lives on a manifold M 1+5 , which breaks into M 1+3 × an infinite disc, with the zweibein of (4) curving the disc into an almost S 2 and with the spin connection field (5) which allows on such a disc a massless spinor of only one handedness. The solutions were found by using the ansatz (32), with the expansion over the associate Legendre polynomials, which offer normalisable solutions only for a finite sum, that is up to l 0 , l ≤ l 0 . For each l 0 = 0, 1, 2, . . . and each chosen value of 0 ≤ ε < 1 2 a discrete mass spectrum ((m ρ 0 ) 2 = l 0 (l 0 + 1 − 2ε)) follows, determined by ρ 0 . There is the gap between the massless and massive states as long as the zweibein and the spin connection remain unchanged. Correspondingly, because of the gap, the massless state can not go continuously into the massive ones for any 0 ≤< can, however, since the space is non compact, cause the change of the fields on the infinite disc and correspondingly also of the spectrum. But as long as the temperature is low, we take it zero in this paper, the massless spinor is (on the tree level) mass protected and also chirally coupled to the corresponding Kaluza-Klein gauge field.
The proof presented in this paper is a step to the proof that one can escape from the "no-go theorem" of Witten [13] , that is that one can guarantee the masslessness of spinors and their chiral coupling to the Kaluza-Klein[like] gauge fields when breaking the symmetry from the d-dimensional one to M (1+3) × M d−4 space. The presented way of searching for solutions of the coupled equations (16) of the first order, leading to the differential equations of the second order (22, 23), is by itself a nice presentation of how can one find normalisable solutions of quite complicated differential equations of the second order.
The objects γ a have properties
for any d, even or odd. I is the unit element in the Clifford algebra. The Clifford algebra objects S ab close the algebra of the Lorentz group
The "Hermiticity" property for γ a 's
is assumed in order that γ a are compatible with (A.1) and formally unitary, i.e.
The Cartan subalgebra of the algebra is chosen as follows
The choice for the Cartan subalgebra in d < 4 is straightforward. It is useful to define one of the Casimirs of the Lorentz group -the handedness Γ ({Γ,
The product of γ a 's in the ascending order with respect to the index a:
is understood. It follows from (A.3) for any choice of the signature η aa that Γ † = Γ, Γ 2 = I. For d even the handedness anticommutes with the Clifford algebra objects γ a ({γ a , Γ} + = 0), while for d odd it commutes with γ a ({γ a , Γ} − = 0). To make the technique simple the graphic presentation is introduced 
which means that we get the same objects back multiplied by the constant 
Let us deduce some useful relations
We recognize in the first equation of the first row and the first equation of the second row the demonstration of the nilpotent and the projector character of the Clifford algebra objects ab (k) and
a vacuum state |ψ 0 > can be defined so that it follows
Taking into account the above equations it is easy to find a Weyl spinor irreducible representation for d-dimensional space, with d even or odd.
For d even we simply make a starting state as a product of d/2, let us say, only nilpotents ab (k), one for each S ab of the Cartan subalgebra elements (A.4), applying it on an (unimportant) vacuum state. For d odd the basic states are products of (d − 1)/2 nilpotents and a factor (1 ± Γ). Then the generators S ab , which do not belong to the Cartan subalgebra, being applied on the starting state from the left, generate all the members of one Weyl spinor.
All the states have the handedness Γ, since {Γ, S ab } − + = 0. States, belonging to one multiplet with respect to the group SO(q, d−q), that is to one irreducible representation of spinors (one Weyl spinor), can have any phase. We made a choice of the simplest one, taking all phases equal to one.
The above graphic representation demonstrates that for d even all the states of one irreducible Weyl representation of a definite handedness follow from a starting state, which is, for example, a product of nilpotents This state is an eigen state of all S ab which are members of the Cartan subalgebra (A.14).
Below some useful relations [14] are presented The two ansatzes are not really useful, since it is very difficult to evaluate for which values of (mρ 0 ) 2 are the solutions square integrable. The ansatzes from (32, 33) are much more appropriate offering us the solutions in quite an elegant way.
